INTRODUCTION
Given an n-dimensional, complex, projective manifold X, the notion of stability is arguably the single most important concept in the discussion of sheaves of O Xmodules and their moduli. A widely-used stability notion is slope-stability. Its wellknown definition depends on the choice of a very ample line bundle H ∈ Pic(X) and asks to associate to any sheaf E the slope
where [C] is the numerical class of a curve C, obtained as the intersection of general elements (H i ) 1≤i<n ∈ |H |, that is, C := H 1 ∩ · · · ∩ H n−1 . The sheaf E is said to be semistable with respect to H if µ H (F ) ≤ µ H (E ) for any subsheaf F ⊆ E . It turns out that these notions are often not flexible enough to allow for applications in higher-dimensional birational geometry. There, one frequently needs to discuss a number of birational models, and compare sheaves that live on one model with sheaves that live on another. However, the pull-back of an ample polarisation is generally not ample. In this setting, it is often advantageous to generalise the notion of slope, replacing the class [C] with a general movable curve class. Recall that a numerical curve class α is movable if D · α ≥ 0 for all effective divisors D. Sample applications in birational geometry are given in [Miy87, CP11, GKP13a] . In a different direction, the paper [GT13] uses polarisations by movable curves to resolve pathological wall-crossing phenomena for moduli spaces of sheaves on higher-dimensional varieties. The present paper extends a number of known results from the classical case to the setting where polarisations are given by movable curve classes. As applications, we prove new flatness results for reflexive sheaves on singular varieties, as well as a uniformisation result.
1.1. Outline of the paper. We begin in Section 2 with a brief account of the relevant definitions and of elementary properties, including the existence of Harder-Narasimhan and Jordan-Hölder filtrations, boundedness results and a weak Mehta-Ramanathan theorem. Once these basics are established, the following aspects will be discussed in the remainder of the paper.
1.1.1. Openness of stability. We will show in Section 3 that stability is an open property in the interior of the movable cone. Somewhat more generally, we show that if a sheaf E is stable with respect to a movable class α that lies on the boundary of the movable cone, then α can be approximated by a sequence of E -stabilising classes from the interior.
Semistability of tensor products.
When semistability is defined with respect to an ample class, a classical theorem (specific to characteristic zero) asserts that the tensor product of two semistable locally free sheaves is again semistable, [HL10, Thm. 3.1.4]. Theorem 4.2 of Section 4 extends this result to sheaves that are semistable with respect to movable curve classes on possibly singular spaces.
Remark 1.1 (Erratum to [GKP13a] ). The assertion of Theorem 4.2 is stated in [GKP13a] as "Fact A.13", referring to [CP11, Thm. 5.1 and Cor. 5.2] for a proof. However, these references work under the additional assumption that the movable class α ∈ N 1 (X) Q is ample, that is, contained in the interior of the movable cone. This assumption is not necessarily satisfied in the setting of [GKP13a] . Theorem 4.2 fills this gap.
1.1.3. Bogomolov-Gieseker inequalities. Section 5 discusses the Bogomolov-Gieseker inequality for movable polarisations on a smooth surface: if E is a torsion-free coherent sheaf of rank r on a smooth projective surface, which is semistable with respect to some non-zero movable curve class, then there is an inequality of Chern numbers, 2r · c 2 (E ) ≥ (r − 1) · c 2 1 (E ).
Flatness criteria.
The Bogomolov-Gieseker inequality will be applied in Section 6 to generalise a flatness criterion of Simpson. Let X be smooth, complex, projective surface X, let α be a movable class and E be a torsion-free sheaf such that the following numbers vanish, c 2 1 (E ) = c 1 (E ) · α = c 2 (E ) = 0. If E is α-semistable and α 2 > 0, then E is a locally free, flat sheaf. In other words, E is given by a linear representation of the fundamental group. We also obtain a criterion for projective flatness, Theorem 6.4.
The following theorem is a consequences of the flatness criterion and of results obtained by the authors in [GKP13b] . For convenience, the following notation is used. If f : A → B is any morphism of quasi-projective varieties and if S is any coherent sheaf of O B -modules, write f [ * ] S := ( f * S ) * * . A finite, surjective morphism is called quasi-étale if it is unbranched in codimension one. Theorem 1.2 (Flatness criterion = Theorem 6.6 on page 17). Let X be a normal, projective, Q-factorial variety of dimension n with only canonical singularities. Let E be a reflexive sheaf on X and H ∈ Div(X) an ample divisor. Suppose that E is H-semistable and that there exists a desingularisation π : X → X such that the following two equalities hold,
Then, there exists a quasi-étale morphism γ : X → X such that γ [ * ] E is a locally free, flat sheaf on X.
1.1.5. Characterisation of torus quotients. In the last section we apply the flatness criteria to the cotangent sheaf of a manifold, in order to obtain the following characterisation result. After the proof of this result was completed, we learned that Lu-Taji obtained similar results, to appear in a forthcoming preprint.
Global assumptions.
Throughout the paper, we work over the complex number field. If not mentioned otherwise, all sheaves are assumed to be coherent.
1.3. Acknowledgements. We would like to thank Matei Toma for important suggestions. The main idea of Theorem 3.4 goes back to him. A part of this work was done during a very pleasant stay of the third named author at the Freiburg Institute for Advanced Studies.
SEMISTABILITY WITH RESPECT TO A MOVABLE CLASS
2.1. Numerical classes. Given a normal projective variety X, we consider the space N 1 (X) R of numerical curve classes, as well as the space N 1 (X) R of numerical Cartier divisor classes. We refer the reader to [Kol96, Sect. II.4] for a brief definition and discussion of these spaces. Recall from [Kol96, Sect. II.4, (4.2.5)] that the intersection number of curves and Cartier divisors gives rise to a nondegenerate bilinear pairing Remark 2.3. If X is a manifold, it has been shown in [BDPP13] that the movable cone is the closure of the convex cone in N 1 (X) R generated by curves whose deformations cover a dense subset of X. A divisor class ∆ ∈ N 1 (X) R is pseudoeffective if and only if the associated function • · ∆ is non-negative on Mov(X). Proof. It suffices to show that N Q Div (X) is finitely generated as a Z-module. To this end, let π : X → X be any resolution of singularities. Since X is normal and Q-factorial, push-forward of Weil divisors induces a surjective map
Definition 2.4 (Big movable class
The Theorem of the Base of Néron-Severi, [Kol96, II Th. 4.5], asserts that N 1 ( X) Z is finitely generated. Its image under π * is exactly N Q Div (X).
2.1.2.
Push-forward and pull-back. Let φ : X Y be any dominant, rational map between normal, Q-factorial, projective varieties. Assume that the inverse φ −1 does not contract any divisors -examples are given by resolutions of singularities, more generally birational morphisms, and maps obtained by running the minimal model program. In this setting, there are well-known results concerning push-forward and pull-back. In the case of rational numerical classes, these are summarised in [GKP13a] . By linearity, everything said there also holds for real classes. For the reader's convenience, we recall the most important facts.
Push-forward of Weil divisors together with the pairing (2.1.1) induces linear morphisms
Since the push-forward of any effective divisor is effective, it follows immediately from Definition 2.2 that the pull-back of any movable curve class is again movable.
Proposition 2.8 (Push-forward and pull-back of sheaves). The following proposition follows from elementary Chern class computations, which we leave to the reader. • If F and E are semistable and if
• 2.5. Boundedness I: Suprema of slopes in a given bundle. Given a torsion-free sheaf E and a movable class α, the α-slope of subsheaves F ⊆ E cannot be arbitrarily large. The following boundedness results will be used later.
Definition 2.20 (Suprema of slopes)
. Let X be a normal, Q-factorial, projective variety and α ∈ Mov(X). If E = 0 is any torsion-free, coherent sheaf on X, write 
Argue by contradiction, and assume that µ α (F ) < µ max α (E ) for any coherent subsheaf F ⊆ E . One can then find a sequence of subsheaves (F i ) i∈N such that the following holds. (2.22.1) The sequence of slopes converges, lim µ α (F i ) = µ max α (E ). (2.22.2) The sheaves F i are saturated in E . All F i have the same rank r. In addition, we can assume that the rank r is maximal among all sequences of sheaves satisfying (2.22.1)-(2.22.2). We will construct a contradiction by proving the following.
Given any number ε > 0, there exists a subsheaf
To this end, let ε be any given number. Then, there exists an index i such that
The subsheaves F i and F j are certainly not equal. Since both F i and F j are saturated in E , their sum G ε := F i + F j therefore has rank G ε > r. A rather elementary computation of Chern classes, spelled out in [GKP13a, Lemma A.12], now shows that
is clearly semistable. 2.6. Existence of the Harder-Narasimhan-filtration. One consequence of the boundedness result obtained in Proposition 2.22 is the existence of a maximally destabilising subsheaf, which in turn implies the existence of the HarderNarasimhan and of Jordan-Hölder-filtrations, even in cases where slope is defined by a movable curve class. Proof. By Proposition 2.22, there exists a saturated sheaf F 1 ⊆ E of maximal slope. If F ′ is any other subsheaf of maximal slope, then either F ′ is contained in F 1 , or it follows from Proposition 2.16 that the α-slope of F 1 + F ′ equals µ max α (E ). In the second case, set F 2 := (F 1 + F ′ ) sat and observe that rank F 2 > rank F 1 . Iterate this process, in order to construct a strictly increasing sequence of sheaves of maximal slope, F 1 F 2 · · · ⊆ E . The process terminates because the rank increases in each step.
Corollary 2.25 (Existence of a stable destabilising sheaf).
In the setting of Definition 2.20, there exists an α-stable sheaf F ⊆ E of slope µ α (F ) = µ max α (E ). Proof. By Proposition 2.22, there exists a saturated, α-semistable sheaf F 1 ⊆ E of maximal slope. If F 1 is not stable, there exists a sheaf F 2 F 1 that is also of maximal slope, but of smaller rank: rank F 2 < rank F 1 . Iterate this process, in order to construct a strictly decreasing sequence of sheaves of maximal slope,
The process terminates because the rank decreases in each step.
Corollary 2.26 (Existence of the Harder-Narasimhan-filtration). In the setting of Definition 2.20, there exists a unique "Harder-Narasimhan-filtration", that is, a filtration
and where the sequence of slopes µ α Q i is strictly decreasing. 2.7. Boundedness II: Grothendieck's lemma. Let X be a projective manifold and E be any torsion-free sheaf on X. If H any ample Cartier divisor with associated movable curve class β := H dim X−1 and c is any real number, then the classical Grothendieck lemma, [HL10, Lem. 1.7.9], asserts that the set of subsheaves with bounded slope,
Corollary 2.27 (Existence of Jördan-Hölder-filtrations). In the setting of Definition 2.20, there exists a "Jordan-Hölder-filtration", that is, a filtration
forms a bounded family. In particular, the associated set of numerical classes is finite. We show that this conclusion still holds in case where β is an arbitrary big class.
Theorem 2.28 (Grothendieck's lemma for numerical classes). Let X be a normal, projective, Q-factorial variety and β ∈ Mov(X) be a big class. Further, let E be a torsionfree, coherent sheaf on X and c ∈ R be a real number. Then, the following set of numerical classes,
Proof. As before, choose a sufficiently ample bundle H and an embedding E ֒→ H ⊕r , where r := rank F . It will then suffice to show the claim in case where E = H ⊕r . Since slopes behave linearly under twist, we may even assume without loss of generality that E = O ⊕r X . Now, given any subsheaf F ⊆ E of positive rank, its determinant det F embeds into O X and is therefore a Weil divisorial sheaf of the form det
where D is an effective, integral Weil divisor. Since β is assumed to be a big class, it will therefore intersect [F ] negatively, unless [F ] = 0. The assertion is thus a consequence of Theorem 2.7.
OPENNESS OF SEMISTABILITY
We now show that stability is an open property, at least within the interior of the movable cone and near all its rational points. More precisely, we discuss openness properties for the set of stabilising classes, defined as follows.
Definition 3.1 (Stabilising classes)
. Let X be a normal, Q-factorial, projective variety and let E be any positive-rank, torsion-free sheaf on X. We consider the set of movable classes that (semi-)stabilise E ,
Remark 3.2 (Convexity of stabilising classes). The sets Stab(E ) and SStab(E ) of Definition 3.1 are clearly convex. The set SStab(E ) is closed and contains Stab(E ). The following result asserts that even in cases where we cannot show openness, any class α ∈ Stab(E ) can be approximated by big classes in Stab(E ). The authors would like to thank Matei Toma who explained Theorem 3.4 to us in case where β is a general complete intersection curve. Together with further related results, his argument will also appear in [GRT14] .
Theorem 3.4 (Openness of stability, II). Let X be a normal, Q-factorial, projective variety and let E be any positive-rank, torsion-free sheaf on X. Consider classes α ∈ Stab(E ) and β ∈ Mov(X) • . Then, there exists a number e ∈ Q + such that (α + ε · β) ∈ Stab(E ), for any real ε ∈ [0, e]. In particular, the following holds.
( The set of movable classes that stabilise a given bundle E is open in the interior of the movable cone, but does contain isolated irrational classes on the boundary. Note that Theorem 3.4 holds in this context because boundary of the stability range intersects the boundary of the movable cone tangentially.
FIGURE 3.1. Hypothetical cross-section through Mov(X).
We do not know if these results are optimal. For instance, we cannot rule out that the set of movable classes that stabilise a given bundle E is of the form illustrated in Figure 3 .1. For all applications, Theorems 3.3 and 3.4 seem to suffice.
Question 3.5. Are there example where Stab(E ) is not open in Mov(X)? If so, are there natural conditions to guarantee openness?
We begin with a preparatory subsection. Theorems 3.3 and 3.2 are then shown in Sections 3.3-3.2 below.
3.1. Suprema of slopes of strict subsheaves. Given a sheaf E and a movable class α, we have discussed the number µ max α (E ) in Section 2.5. Here, we discuss a similar (but more delicate) quantity, namely the is the supremum of slopes of subsheaves F E whose rank is strictly smaller than that of E . If α is either big or rational, we will again see that the supremum is in fact a maximum. 
α (E ). Proposition 3.8 (Existence of subsheaves with maximal slope, II). In the setting of Definition 3.6, suppose that α is big or that α is rational. Then, there exists a coherent subsheaf F ⊆ E such that rank F < rank E and such that µ
Proof of Proposition 3.8 in case where α is big. Observing that the statement of Proposition 3.8 remains invariant when twisting E , we may replace E by a tensor product with a suitably ample bundle and assume that E is itself ample. In particular, any torsion-free quotient of E has a non-trivial, nef first Chern class.
Introduce any norm · on the finite-dimensional space N 1 (X) R . Then, since α is big, there exists a constant C > 0 such that
In particular, Inequality (3.8.1) holds for divisors D that represent c 1 (det Q), where Q is any non-trivial, torsion-free quotient of E . We argue by contradiction and assume that the number µ max,sc α (E ) is not attained. Then, there exists a sequence of subsheaves F j E such that the sequence of slopes µ α (F j ) is strictly increasing and converges to µ max,sc α (E ). Corollary 2.13 allows to assume that the quotients Q j := E /F j are torsion-free.
The assumption that µ α (F j ) is strictly increasing implies that the sets of numerical classes [F j ] | j ∈ N and [Q j ] | j ∈ N are both infinite. The theorem on finite generation of numerical divisor classes, Theorem 2.7, thus implies that both sets are unbounded with respect to the norm · . Inequality (3.8.1) thus implies that the sequence µ α (Q j ) j∈N is unbounded, and so is µ α (F j ) j∈N . This contradicts convergence.
Proof of Proposition 3.8 in case where
There are relevant situations where the conclusion of Proposition 3.8 holds even for irrational classes that lie on the boundary of Mov(X). The most significant is that where π : X → X is a resolution of singularities and α ∈ Mov(X) a big, movable class. Its pull-back π * α is a movable class contained in the boundary ∂ Mov( X). However, Proposition 2.8 guarantees that everything said so far also holds for φ * α.
Remark 3.11. We do not know whether Proposition 3.8 remains true for irrational classes α that lie on the boundary of the movable cone.
3.2. Proof of Theorem 3.3. Choose any relatively compact, open neighbourhood of α in Mov(X), say V = V(α). Then, there exists a (small) number e ∈ Q + such that the following holds for all numbers 0 ≤ ε ≤ e and for all classes β ∈ V,
bounded on V by Prop. 2.21
>0 by Prop. 3.8
.
The following will then hold for any class β ∈ V, any coherent subsheaf F E with rank F < rank E , and any number 0 < ε ≤ e,
Finish the proof of Theorem 3.3 by setting U := e · (V − α) + α. • [F ] ∈ S and it follows from α-stability of E that
• [F ] ∈ S and there exists an index j such that
Slopes of the sheaves F j and of a sheaf F such that [F ] ∈ S with respect to movable
The function Φ is outlined in bold. In either case, we obtain the following inequality for all ε ∈ [0, 1],
The inequality is strict for all ε for which Φ(ε) < µ (1−ε)·α+ε·β (E ). The setup is depicted in Figure 3 .2. Conclude by observing that Φ is continuous as a function of ε, and that Φ(0) < µ α (E ).
TENSOR PRODUCTS OF SEMISTABLE SHEAVES
In this section we prove that the reflexive tensor product of sheaves which are α-semistable for some movable class α is again α-semistable. The following notation will be used. Proof. Observe that Sym m F * * is a direct summand of F ⊠m .
4.1. Preparation for the proof: reduction to semistability of tensor products of stable sheaves. We show in this section that to prove Theorem 4.2, it suffices to show that the product of two stable sheaves is semistable. The following is the main result of the present Section 4.1.
Proposition 4.4. Let X be a normal, Q-factorial, projective variety and let α ∈ Mov(X) be any movable class. Suppose that the reflexive tensor product of any two torsion-free, α-stable sheaves is α-semistable. Then, the following holds for any two torsion-free sheaves
We prove Proposition 4.4 in the remainder of Section 4.1. The proof is subdivided into five steps.
Step 1: Setup. Since numerical classes and slopes are unaffected when modifying F and G along a small subset, we are free to replace these sheaves by their double duals, and assume henceforth that the following holds.
Assumption w.l.o.g. 4.5. The sheaves F and G are reflexive.
Combining Harder-Narasimhan-and Jordan-Hölder-filtrations, choose a filtration of F , say 0 = F 0 F 1 · · · F k = F such that the following holds.
(4.6.1) The quotients Q i+1 := F i+1 /F i are torsion-free and α-stable for all i. (4.6.
2) The sequence of ranks, (rank F i ) 0≤i≤k , is strictly increasing. (4.6.
3) The sequence of slopes, µ α (Q i ) 1≤i≤k , is decreasing.
Taking reflexive tensor products with G , we obtain a filtration of F ⊠ G ,
where each term 
The slopes of these sheaves are computed as follows.
(4.6.6)
Step 2: Proof of Claim (4.4.1) in case where F or G are α-stable. The roles of F and G being symmetric, consider the case where G is α-stable. By assumption, the quotient sheaves Q i ⊠ G will thus be α-semistable. Inequality (4.6.6) therefore implies that any morphism A → Q i ⊠ G will be zero, if A is any semistable subsheaf of slope µ α (A ) > µ max α (F ) + µ max α (G ). It follows that any morphism A → F ⊠ G will be zero, and that the α-slope of any semistable subsheaf B ⊆ F ⊠ G is bounded. In other words, we have
On the other hand, F ⊠ G does contain the semistable subsheaf
. This proves Claim (4.4.1) in case where one of the factors is α-stable.
Step 3: Proof of Claim (4.4.1) in general. Recalling from (4.6.1) that quotient sheaves Q i+1 are α-stable, we have seen in Step 2 that
As in
Step 2, this implies that the α-slope of any subsheaf B ⊆ F ⊠ G is bounded by µ max α (F ) + µ max α (G ). On the other hand, F ⊠ G does contain the reflexive product of the maximally destabilising subsheaves. The slope of this product equals µ max α (F ) + µ max α (G ). This proves Claim (4.4.1) in general.
Step 4: Proof of Claim (4.4.2). Now assume that F and G are both α-semistable. The slope of the product is computed as follows, (4.6.7)
proving its semistability. This proves Claim (4.4.2) and finishes the proof of Proposition 4.4.
Reduction to a resolution.
We end the preparations for the proof of Theorem 4.2 with the following lemma. Both its claims follow immediately from Proposition 2.8. 
Theorem 3.4 asserts that we can find a sequence of big, rational classes β i ∈ Stab(F ) ∩ Stab(G ) with lim β i = α. On the one hand, Toma's result [CP11, Prop. 6 .1] applies to show that F ⊗ G is stable with respect to β i , for all i ∈ N. On the other hand, it follows from continuity of intersection numbers, that
We have obtained the desired contradiction. This ends the proof of Theorem 4.2.
BOGOMOLOV-GIESEKER INEQUALITIES
We first prove a Bogomolov-Gieseker inequality for locally free sheaves on a smooth projective surface which are semistable with respect to movable classes. This is a minor generalisation of [Miy87, 4.7] , which considers rational classes only. 
In particular, taking C = −B it follows that
so that equality of growth rates holds.
Proof. We prove Equation (5.3.1) using induction on the dimension of X. If dim X = 0, there is nothing to show. Let us therefore assume that dim X > 0, and that the claim was shown for all varieties of smaller dimension. Now, if P ⊂ X is any prime Cartier divisor, consider the ideal sheaf sequence
The following excerpt of the long exact cohomology sequence,
, will then show that we have equality of asymptotic growth rates,
The same line of argument, using the sequence
yields an analogous equality,
In essence, we have shown that the asymptotic growth rate does not change when adding or subtracting prime divisors. Write C as a difference of two very ample prime divisors to conclude. Step 1: Setup. We argue by contradiction. To be precise, we assume that the following holds.
Assumption 5.4. There exists a smooth, projective surface X, a movable class α ∈ Mov(X) \ {0} and an α-semistable, torsion-free sheaf E such that ∆(E ) < 0.
These assumptions can be simplified. Recall from [HL10, Sect. 3.4] that
and that the first inequality is strict if E is not locally free. Since E * ⊗ E * * is likewise α-semistable by Theorem 4.2, we are free to replace E by E * ⊗ E * * throughout the argument. Recalling that reflexive sheaves are locally free in codimension two, this amounts to assuming the following.
Assumption w.l.o.g. 5.5. The sheaf E is locally free and has trivial determinant,
Step 2: Notation. Choose a Cartier divisor H ∈ Div(X) such that both H and H − K X are ample. Recalling that α is movable and therefore α 2 ≥ 0, it follows from the Hodge index theorem that H.α > 0. The same holds for the intersection with H − K X , and we obtain the following inequalities that we note for future reference,
Set Y := P(E ), and denote the bundle map by π :
Step 3: Conclusion. Recall from the computations of [MP97, Part I, Lecture III, 3.6] that the assumption ∆(E ) < 0 made in 5.4 implies that 1 dim Y > 0. By RiemannRoch,
The Leray spectral sequence implies that
, which vanishes for i ≥ 3. Equation (5.5.2) therefore yields
The subsequent Steps 5 and 6 will show that neither of these two possibilities is realised in our setup finishing the proof.
Step 5: Growth rate of h 0 (· · · ).
Combining the results obtains so far, this implies the following.
This is absurd. In fact, we have seen in (5.5.1) that the α-slope of the invertible sheaf O X (H) is positive. On the other hand, recall from Assumption 5.5 that Sym m E has vanishing first Chern class. It is thus α-semistable, with µ α (Sym m E ) = 0, by Corollary 4.3. As we have seen in Corollary 2.17, any morphism
Step 6: Growth rate of h 2 (· · · ). We repeat the argument of
Step 5 with minor variations. Assuming that h 2 Y, O Y (m · 1) grows like m dim Y , we obtain, using again Lemma 5.3
As before, recall from (5.5.1) that the α-slope of the invertible sheaf O X (H − K X ) is positive and observe that Sym m E * is α-semistable with slope µ α (Sym
6. FLATNESS CRITERIA 6.1. Flatness. In this section we discuss various flatness results. The relevant notion is the following.
Definition 6.1 (Flat and projectively flat sheaves). If Y is any algebraic variety, and G is any locally free, analytic sheaf of rank r on the underlying complex space Y an , we call G flat if it is defined by a representation
π 1 (Y an ) → Gl(r, C)
of the topological fundamental group π 1 (Y an ). A locally free, algebraic sheaf on Y is called flat if and only if the associated analytic sheaf is flat. In a similar vein, call G projectively flat if P(G ) is given by a representation
We refer the reader to [GKP13b] for a discussion of flat sheaves on algebraic varieties. Projective flatness is discussed in [JR13] and in the references quoted there.
6.1.1. Flatness for sheaves on surfaces. Simpson proved in [Sim92] an important flatness criterion for semistable locally free sheaves. In fact, let X be a projective manifold X of dimension n and let E be a locally free sheaf that is H-semistable for some ample divisor H. Suppose further that
Then, E is flat. We first generalise this in case dim X = 2, replacing H by a movable class on the surface.
Theorem 6.2 (Criterion for flatness)
. Let X be a smooth, projective surface and α ∈ Mov(X) a movable class. Let E be any torsion-free coherent sheaf on X with
If E is α-semistable and α 2 > 0, then E is a locally free, flat sheaf.
Remark 6.3. The assumptions made in Theorem 6.2 are necessary. For an example where E is α-semistable, where α 2 = 0 and where E is not flat, let π : X → Y be any ruled surface, let F be any fibre and set α :
Theorem 6.4 (Criterion for projective flatness). Let X be a smooth, projective surface and α ∈ Mov(X) \ {0} be a movable class. Let E be any α-stable, torsion-free coherent sheaf on X of rank r. If equality holds in the Bogomolov-Gieseker inequality,
then E is a projectively flat, locally free sheaf that is semistable with respect to every β ∈ Mov(X). If we assume in addition that c 1 (E ) · α = c 1 (E ) 2 = 0, i.e., we assume that (6.2.1) holds, then either E or E * is nef.
Flatness in higher dimensions.
We use the flatness criterion of Theorem 6.2 to generalise Theorem 1.19 from [GKP13b] . The following notation will be used.
Notation 6.5 (Reflexive pull-back). Given any morphism π : X → Y of normal varieties and any coherent sheaf E of O Y -modules, write π [ * ] E := π * E * * .
Theorem 6.6 (Flatness criterion). Let X be a normal, projective, Q-factorial variety of dimension n with only canonical singularities. Let E be a reflexive sheaf on X and H ∈ Div(X) an ample divisor. Suppose that E is H-semistable and that there exists a desingularisation π : X → X such that the following two equalities hold,
Remark 6.7. Notice that conditions (6.6.1) and (6.6.2) do not depend on the choice of π.
Remark 6.8. Theorem 6.6 holds if X has only klt singularities provided we knew that π 1 (S) ≃ π 1 (X • ), where X • is the locus of quotient singularities.
Remark 6.9. One might ask whether Theorem 6.6 holds in greater generality, that is, for a larger class of singular spaces. What we actually needed is the following.
(6.9.1) A general complete intersection surface S ⊂ X has only rational singularities. (6.9.2) The following Lefschetz-type statement holds true: there exists a closed set A ⊂ X of codimension at least three such that π 1 (S) ≃ π 1 (X \ A). (6.9.3) There exists a quasi-étale cover X → X such that π 1 ( X reg ) ≃ π 1 ( X). Proof. If H 0 is any ample divisor, it will follow from Theorem 3.4 that all direct summands E i are stable with respect to (H + ε · H 0 ), for all sufficiently small positive ε. More is true. Since c 1 (E i ) = 0 the bundle E is polystable with respect to (H + ε · H 0 ), and in particular semistable. Now apply Theorem 6.6. 6.2. Preparations. The proof of Theorem 6.2 makes use of the following lemmas, which might be of independent interest. Lemma 6.11. Let X be a smooth, projective surface and ∆ ∈ N 1 (X) Q a rational divisor class. Then, either there exists an integral, ample divisor H such that H · ∆ = 0, or ∆ = 0 and either ∆ or −∆ is pseudo-effective.
Proof. Since X is a surface, divisors and curves coincide, and the interior of the movable cone equals the ample cone. Since ∆ is a rational class by assumption, the hyperplane
is likewise rational, and rational points are dense there. If ∆ ⊥ intersects the interior of the movable cone at all, the intersection will thus contain a rational point. In other words, there will be integral ample divisors H with H · ∆ = 0. Assuming that no such divisor H exists therefore amounts to assuming that the function • · ∆ does not have any zeros in Mov(X) • and is either strictly positive or strictly negative there. As seen in Remark 2.3 on page 3, this means that either ∆ or −∆ is pseudo-effective. Observe that the movable (=nef) class α intersects P and N non-negatively. The assumption that α · ∆ = 0 therefore gives that α · P = α · N = 0. Since α = 0 and α 2 ≥ 0, the Hodge index theorem thus implies that the non-negative number P 2 is actually zero. Since 0 = ∆ 2 = P 2 + N 2 , we obtain that N 2 = 0, and hence that N = 0. It follows that ∆ = [P] is nef.
6.3. Proof of Theorem 6.2. Using the assumption that α 2 > 0, the Hodge index theorem asserts that c 1 (E ) 2 ≤ 0. Thus, the assumption c 1 (E ) 2 = c 2 (E ), combined with the Bogomolov-Gieseker inequality of Theorem 5.1 yields c 1 (E ) 2 = c 2 (E ) = 0, and taking into account the further assumption made in (6.2.1) the Hodge index theorem hence asserts that c 1 (E ) = 0. In particular, equality holds in the Bogomolov-Gieseker inequality of Theorem 5.1, and E is therefore locally free.
Step 1: Proof in case where E is stable. If E is α-stable, Theorem 3.4 allows to find a rational point
then H ′ is ample, and it follows from classical theorems that E is flat, e.g. see [Sim92, Cor. 3 .10].
Step 2: Proof in general. Consider a minimal-length Jordan-Hölder filtration of E , as discussed in Corollary 2.27,
The proof proceeds by induction on the length of the filtration, denoted by k. If k = 1, then E is α-stable, and the assertion has been shown in Step 1. We will therefore assume for the remainder of the proof that k > 1, and that the claim has already been shown for all α-semistable bundles satisfying Equations (6.2.1) that admit a shorter Jordan-Hölder filtration.
For brevity of notation write F := E k−1 and Q := E /F . We obtain a sequence
where F is α-semistable, reflexive and therefore locally free, and where Q is α-stable and torsion-free, and c 1 (F ) · α = c 1 (Q) · α = 0. As before, the Hodge index theorem will thus imply the following.
(6.13.1) c 1 (F ) 2 ≤ 0 and c 1 (Q) 2 ≤ 0, each with equality iff c 1 (·) = 0.
We aim to show that the vanishing (6.2.1) holds for F and Q. Since both F and Q admit Jordan-Hölder filtrations of length less than k, flatness of F and Q then follows from the induction hypothesis. The bundle E is then presented as an extension of two flat bundles and is therefore flat by [Sim92, 3.10] .
To this end, we use the following relations between the Chern classes of F and Q,
(6.13.2) and (6.13.3)
Combined with (6.13.1), this shows that c 1 (F ) 2 = c 1 (Q) 2 = 0. Applying the Bogomolov-Gieseker Inequality, Theorem 5.1, once more to F and Q, we see that c 2 (F ) ≥ 0 and c 2 (Q) ≥ 0, and it follows from (6.13.3) that both numbers vanish. The induction hypothesis therefore applies to show that F and Q are flat. As noted above, this proves flatness of E .
6.4. Proof of Theorem 6.4. Let E be any α-stable, torsion-free sheaf on X such that equality holds in the Bogomolov-Gieseker inequality. By Theorem 5.1, the sheaf E is then locally free.
Step 1: Proof of projective flatness. We have seen in Theorem 3.4 that E is stable also with respect to a suitable rational class β that is contained in the interior of the movable cone. Since X is a surface, the movable cone equals the nef cone, and its interior consists of ample classes. Projective flatness is now a consequence of a classical theorem, see [JR13, Thm. 1.1 and Prop. 1.1] for a discussion and for further references. This paper also asserts that E is semistable with respect to any ample class. Semistability with respect to all classes in Mov(X) \ {0} then follows from Remark 3.2, since Mov(X) is the closure of the ample cone.
Step 2: Proof of nefness. Assuming that the Equalities (6.2.1) hold, we aim to prove that E or E * are nef, or equivalently, that Sym r (E ) or Sym r (E * ) are nef vector bundles, where r := rank E , cf. [Laz04, Thm. 6.2.12]. Since both Sym r (E ) ⊗ det E * and its dual are nef by projective flatness, [JR13, Sect. 1.3], it suffices to show that either det E or det E * is nef.
To this end, observe that if there exists an integral, ample divisor H such that H · c 1 (E ) = 0, then Theorem 3.4 allows to find a rational point h ′ ∈ c 1 (E ) ⊥ ∩ Mov(X) • ∩ Stab(E ). Any divisor H ′ with class h ′ is then ample, and it follows from Simpson's theorem that E is flat, [Sim92, Cor. 3.10]. The class c 1 (E ) will then vanish, and we are done.
We will thus assume that no such divisor H exists. One of the divisors det E or det E * is then pseudo-effective by Lemma 6.11. Using the assumption that c 1 (E ) · α = c 1 (E ) 2 = 0, nefness now follows from Lemma 6.12.
6.5. Proof of Theorem 6.6. Our subsequent proof of Theorem 6.6 will use the following minimal generalisation of a result in [GKP13b] . The proof is exactly the same as the one given there, and therefore omitted. Proof of Theorem 6.6. Let γ : X → X be the finite, quasi-étale cover guaranteed by [GKP13b, Thm. 1.13], which has the property that any locally free, flat sheaf defined on X an reg extends to a locally free, flat sheaf on the whole of X. We may assume H to be sufficiently ample in the sense of Mehta-Ramanathan and so that Lemma 6.14 may be applied to the linear subsystem γ * |H| of |γ * (H)| without taking further multiples. Choose a general tuple of hypersurfaces D 1 , . . . , D n−2 ∈ |H| and write
We recall the classical fact, that in codimension two a variety with canonical singularities is locally in the Euclidean topology a product of a surface with an ADE singularity and of a smooth space of dimension (dim X − 2), see for example [GKKP11, Prop. 9.3]. In particular, the set Z ⊂ X where X is not locally a complete intersection is small, codim X Z ≥ 3. Set X • := X \ Z and note that S ⊂ X • .
Since S is likewise canonical, it is normal with only ADE singularities. In particular, S is Q-factorial. By Flenner's version of the Mehta-Ramanathan theorem, [Fle84, Thm. 1.2], the restriction E | S is semistable with respect to the ample class H| S .
Let
is a smooth surface contained in the smooth variety of X. For convenience of notation,
We have seen in Proposition 2.8 on page 4 that the pull-back sheaf E is stable with respect to H. Equations (6.6.1) and (6.6.2) then read as follows,
In particular, Theorem 6.2 implies that E is flat, hence given by a representation π 1 ( S) → Gl(r, C). Since S has only canonical singularities, π 1 ( S) ∼ = π 1 (S), and the induced representation π 1 (S) → Gl(r, C) defines a locally free flat sheaf F on S such that p * F ≃ E . It follows that the sheaves F and E | S agree outside a finite set of S. 
Thus, there exists a locally free, flat sheaf G on X • such that G | S ∼ = E | S . The observation that Zariski-open subsets with complement of codimension at least two inside a smooth variety have the same fundamental group as the entire variety together with the choice of X implies that the pullback of G to γ −1 (X • ) ∩ X reg extends to a locally free, flat sheaf G on the whole of X.
As the set of all locally free, flat sheaves on X whose rank is equal to rank E is bounded by [GKP13b, Prop. 12 .1], we may apply Lemma 6.14 above to conclude that γ [ * ] E is isomorphic to G , and hence locally free and flat, as claimed. Then, π * E is locally free and flat on S.
Proof. Write r := rank E . It follows directly from Theorem 6.2 that E is flat, given by a representation ρ : π 1 ( S) → GL r (C). If x ∈ S is any singular point with associated fibre F := π −1 (x), then F is simply-connected and E | F , which is given by a representation of π 1 (F), therefore trivial. Consequently, if E ′ is the locally free, flat sheaf defined by ρ • (π * ) −1 : π 1 (S) → GL r (C), we have E = π * E ′ and E ′ = π * E . Proof. We may assume without loss of generality that H := O X (H) is very ample. Choose a general (n − 2)-tuple of elements H i ∈ |H | and consider the associated complete intersection surface S := ∩ i H i ⊆ X, which has at worst canonical singularities. We aim to show that X is smooth near S. Write The normal bundle sequence for S in X expresses the relevant second Chern class as follows, We now compare π to a Q-factorial terminalisation ρ : X → X of X, which exists by [BCHM10, Cor. 1.4.3]. As the name suggests, X is Q-factorial and has at most terminal singularities. Moreover, as X has canonical singularities, ρ is crepant, and (7.3.3) K X ∼ Q ρ * K X ≡ 0.
Write S := ρ −1 (S) and ρ S := ρ| S . Since varieties with terminal singularities are smooth in codimension two, the surface S is smooth, and entirely contained in the smooth locus of X. As above, compute It follows from adjunction and from the Q-linear equivalence K X ∼ Q ρ * K X that K S ∼ Q (ρ| S ) * K S , so that S is in fact the minimal resolution of S. Consequently, there exists a birational S-morphism β : S → S, which is a sequence of blowingdown (−1)-curves. This has two consequences. First, there is an inequality of topological Euler characteristics, χ top S ≤ χ top S . Secondly, we see that To end the argument, letX → X be a strong resolution of singularities, with induced map r :X → X, surfaceŠ := r −1 (S) ⊆X and restriction r S := r|Š. SinceX and X are isomorphic along S, we have c 2 Ω 1X |Š ≤ 0, and Miyaoka's Chern class inequalities, [Miy87, Thm. 1.1], assert that in fact equality holds, c 2 Ω 1X |Š = 0.
To sum up, we have seen in (7. 
